Section 3.5


[image: image1.png]Recall from Section 2.6:

A curve in R? can be defined by f(x,)) = b (which is a level curve of the
function = = f{x,1)). If ¢(7) = (x(7) , (7)) describes a path on the curve
fx,y) = b, then

fx(y . (1) = fe®) =

Consider the surface in R? defined by f(x,y,z) = 5 (which is a level
surface of the function w = f(x,1,2)). If ¢(r) = (x(7) , »(?) , =(7)) describes a
path on the surface f{x,y,z) = b, then

S0y (0, 2(0) = fe(®)

=

=




[image: image2.png]Suppose F(x,y) = 0 describes a relation, and we are interested in a part of
the graph where y = f{x). Then, we must have

Fx, fix)) =0 = F(e(x)) = 0 where ¢(x) = (v, Aix)) =

We have y = f{x) provided that

Suppose F(x.,y,z) = 0 describes a relation, and we are interested in a part
of the graph where z = f{x,y). Then, similar to the previous derivation,
we find

We have = = f(x,y) provided that




[image: image3.png]Consider the relation x? +3? = 1 in the xy plane.

(a) Find all points on the graph where can we say y = f(x) in some
surrounding neighborhood, and find a formula for dy/dx = /7 (x).

-

(b) Find formula for y = f{x) in a neighborhood surrounding (4/5, -3/5).

(¢) Find the equation of the line tangent to y = f{x) (i.e., tangent to
X2+y2=1)at (4/5,-3/5).




[image: image4.png]Consider the relation x3 + x)? + 8x sin y = 0 in the xy plane.

(a) Use the Implicit Function Theorem to find all points on the graph
where can we say y = f{x) in some surrounding neighborhood, and
find a formula for dy/dx =17 (x),

(b) Use implicit differentiation to find a formula for dy/dx = 7 (x).




[image: image5.png]Consider the relation x> + 32 + 8xz% — 323y = 1 in R3. Use the Implicit
function Theorem to

(a) find points near which the graph can be represented as a
difterentiable function = = f{x,y),

(b) find a formula for each of 7. and f; when they exist.




[image: image6.png]Consider the relation x?z + x3%z = 5 in R>. Observe that it is easy to write
z = flx,y), but it does not appear as easy to write x = £1,2).

(a) Specify all points where we can write x = f(y,z), and confirm that
(1,2,1) is one of these points.

(b) Find the equation of the plane tangent to x = f{y,z) at (1,2,1).




[image: image7.png](¢) Find a formula for each of 7, and 7, when they exist.




[image: image8.png]The Implicit Function Theorem for defining one variable as a function of
7 other variables (Theorem 11 on page 247) can be stated as follows:
Suppose F(x; ., , ..., x,, 2) =F(x . z) : R"! = R has continuous

partial derivatives. For any point (X, . o) Where F(X, . o) = 0 and
F[(xg.2z9)# 0, we can find a “ball” around (X, z,) in R" where





[image: image9.png]The General Implicit Function Theorem for defining each of m variables
Z1.Zy. .. » 2, as afunction of 77 other variables x; . x, , ... . x, (Theorem
12 on page 251) can be stated as follows:

Suppose each of ;. F, . ... , F,, is a function from R — R with
continuous partial derivatives. Then the equations
Fi(xy . x,, ... L) = Fx.,2)=0
Fyxy . x5 .. L) = Fx.,2)=0
Fo(xy,xy, ..., VIya e Zy) =F(x,2) =0

will have a unique solution z; = f1(x), Xy, ... X,) . 2y = [o(X1. X5, ..o X)L
(X1, X5, ..., x,) in a “ball” around any point (X, . z,) at which





[image: image10.png]Consider the relation defined by the equations
xu -+ yvu? =2 xud + vt =2
(a) Specify all points near which we can write « = f,(x,») and v = £3(x,»).
and contirm that (x,y,2,v) = (1,1,1,1) is one of these points.

(b) Compute du/dy at the point (x,3) = (1,1).




[image: image11.png]Consider the special situation where

v =h0 X, LX) [ Xy, LX) =y =0

Yy =y Xy, L X)) (X, LX) =y, =0
=

JAI’l :]‘7’[('\‘1 2 '\‘2 LR '\‘7’1) ]‘7’[('\‘1 2 '\‘2 LR '\‘7’1) 7]‘71 = O

We can apply the General Implicit Function Theorem in order to
identity all points near which we can have x; = g,(y;. 15, .... V) »
X =@V Vaa e V) e e s Xy = &V Vo o -oon 1,): these will be all
points where





[image: image12.png]Consider the equations

U=—:r . 2 2
X6+ 3 v=e'—In(x?+32+ 1)

Near what points can we have x = g,(«,v) and y
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