Hints for Exercises 3.3
In #11, it is easiest to use Theorem 3.10.  If you are going to disprove that K is a subgroup of G, then you must demonstrate either that it is possible for part (a) of Theorem 3.10 not to be true or that it is possible for part (b) of Theorem 3.10 not to be true.  If you going to prove that K is a subgroup of G, then you must demonstrate that part (a) of Theorem 3.10 is always true (by actually displaying at least one element which will always be in K) and you must demonstrate that part (b) of Theorem 3.10 is always true (by letting x1 and x2 be arbitrary elements of K, that is, by letting x1 = ah1a–1 and x2 = ah2a–1 where h1 and h2 are both in H, and showing that x1x2 must be in H.)
In #12, your approach should be analogous to the approach for #11.
In #13, for each part first show that part (a) of Theorem 3.10 is always true, and then write out two arbitrary elements (which you can do easily by using subscripts “1” and “2”) after which you show that part (b) of Theorem 3.10 is always true.
In #14, your approach should be analogous to the approach for #13.

In #15, you can use Theorem 3.10 easily once you have identified the identity element and the inverse for each non‑identity element.
In #16, your approach should be analogous to the approach for #15.

In #17, you must demonstrate that part (a) of Theorem 3.10 is always true (by actually displaying at least one element which will always be in Z(G)) and you must demonstrate that part (b) of Theorem 3.10 is always true (by letting x1 and x2 be arbitrary elements of Z(G), and showing that x1x2–1 must be in Z(G).).

In #24, your approach should be analogous to the approach for #17.
In #25, your approach should be analogous to the approach for #17.

In #26, your approach should be analogous to the approach for #17.

In #29, use Theorem 3.10.

In #37, it will useful to first prove the following lemma:

Lemma for Exercise 3.3-37.  For the group of Definition 3.11, an + 1 = a ( an .

The proof of this lemma can be done easily with induction.  If n = 1, it is trivial to see that the lemma is true.  Now assume the lemma is true for n = k, that is, ak + 1 = a ( ak .  The proof of the lemma for n = k + 1 can be done as follows, but you must give the proper reason for each step:
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To prove part (a) of Theorem 3.12, there are three cases to consider for n:

.    i.
n = 0
     ii.
n is a positive integer

     iii.
n is a negative integer

The first case is easy.  The third case is easy once the second case is proven, because it can be said to be analogous to the second case.  The second case needs to be done using induction as follows:
If n = 1, it is easy to argue that part (a) of Theorem 3.12 is true.  Now assume that part (a) of Theorem 3.12 is true for n = k, that is, xk ( x – k = e.  The proof of part (a) of Theorem 3.12 for n = k + 1 can be done as follows, but you must give the proper reason for each step:

x n ( x – n = x k + 1 ( x – (k + 1) = x k + 1 ( (x – 1) k + 1

= (x k ( x) ( (x – 1) k + 1

= (x k ( x) ( [x – 1 ( (x – 1) k]

= [(x k ( x) ( x – 1] ( (x – 1) k
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In #38, let m be any integer, and there are three cases to consider for n:

.    i.
n = 0

     ii.
n is a positive integer

     iii.
n is a negative integer

The first case is easy.  The third case is easy once the second case is proven, because then (xm)n = (xm) – (– n) where – n must be a positive integer, and using Definition 3.11 followed by part (a) of Theorem 3.12, we can say that (xm) – (– n) = [(xm) –1] (– n) = (x – m) (– n) which from part (b) Theorem 3.12 must be equal to x (– m)(– n) = x mn .  The second case needs to be done using induction as follows:

If n = 1, it is easy to argue that part (c) of Theorem 3.12 is true by using Definition 3.11 followed by part (a) of Theorem 3.12.  Now assume that part (c) of Theorem 3.12 is true for n = k, that is, (xm)k = xmk .  The proof of part (c) of Theorem 3.12 for n = k + 1 can be done as follows, but you must give the proper reason for each step:
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In #39, you need to use induction as follows:
If n = 1, it is trivial to see that part (d) of Theorem 3.12 is true.  Now assume that part (d) of Theorem 3.12 is true for n = k, that is, (xy)k = xkyk .  The proof of part (d) of Theorem 3.12 for n = k + 1 can be done as follows, but you must give the proper reason for each step:
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